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Abstract 

It is well-known that the SU{2) quantum Racah coefficients or the 
Wigner 6j symbols have a closed form expression which enables the 
evaluation of any knot or link polynomials in SU{2) Chern-Simons 
field theory. Using isotopy equivalence of SU{N) Chern-Simons func- 
tional integrals over three balls with one or more S'^ boundaries with 
punctures, we obtain identities to be satisfied by the SU{N) quantum 
Racah coefficients. This enables evaluation of the coefficients for a 
class of SU{N) representations. Using these coefficients, we can com- 
pute the polynomials for some non-torus knots and two-component 
links. These results are useful for verifying conjectures in topological 
string theory. 



1 Introduction 

Following the seminal work of Witten[T] on Cliern- Simons theory as a theory 
of knots and links, generalised invariants [2l [3] for any knot or link can be 
directly obtained without going through the recursive procedure. For torus 
links, which can be wrapped on a two-torus T^, using the torus link operators 
[1] , explicit polynomial form of these invariants could be obtained. However 
for non-torus links, the generalised invariants |2] in SU{N) Chern-Simons 
theory involves SU{N) quantum Racah coefficients which are not known in 
closed form as known for SU{2)^ HB]. This prevents in writing the polyno- 
mial form for the non-torus links. 

For simple SU{N) representations placed on knots, whose Young Tableau 
are n , en and n , we had obtained some Racah coefficients from isotopy 
equivalence of knots and links which was useful to obtain polynomial for 
few non-torus knots[2], |3]. Going beyond these simple representations and 
finding the quantum Racah coefficients appeared to be a formidable task. 
In fact, determining these coefficients would help in verifying the topological 
string conjectures for a general non-torus knot or link observable proposed 
by Ooguri-Vafa[6l [7]. Using the few Racah coefficients data[2], Ooguri-Vafa 
conjecture for 4i, 6i non-torus knots as indicated in Fig.[T]were verified[8]. For 
verifying Ooguri-Vafa conjecture for the non-torus two-component links[7], 
we need to evaluate the non-torus link whose component knots carry different 
representations. 

These non-torus links invariants will also be useful to generalise some of 
the results of recent papers [9l [10], [TTl [12] where torus knots and links are 
studied. So, it is very important to determine the SU{N) quantum Racah 
coefficients. 

Using the correspondence between Chern-Simons functional integral and 
the correlator conformal blocks states in the corresponding Wess-Zumino con- 
formal field theory [1], we can derive identities to be obeyed by the SU{N) 
quantum Racah coefficients. Using the identities and the the properties of 
quantum dimensions for any A^, we could determine the form of these coeffi- 
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dents for some class of SU{N) representations. These coefficients are needed 
to obtain polynomial invariants of some non-torus knots and non-torus two- 
component links. 

The plan of the paper is as follows: In section 2, we briefly review Chern- 
Simons functional integrals and properties of the Racah coefficients. In sec- 
tion 3, we systematically study the equivalence of states and obtain identities 
to be obeyed by the SU{N) quantum Racah coefficients. In section 4, we 
tabulate the SU{N) quantum Racah coefficients. In section 5, we use these 
coefficients to obtain the generalised polynomial invariant for a non-torus 
knot and a non-torus link and verify Ooguri-Vafa conjecture. Finally, we 
conclude with summary and discussions. 

2 Chern-Simons Field Theory 

Chern-Simons fields on S^ with f/(l) x SU{N) gauge group with levels ki, k 
respectively is given by by the following action: 

S = — [ BAdB + — [ Tr(AAdA + -AAAAA] , (2.1) 

4vr Js^ 4:Tc Js3 \ 3 / 

where B is the U{1) gauge connection and A is the SU{N) matrix valued 
gauge connection. The observables in this theory are Wilson loop operators: 

r 

W^(«.,n0,(i?2,n.),...(i?.,n.)[^] = l[Trn,U^[}Cp]Tr^^U''[)Cp] , (2.2) 

13=1 

where the holonomy of the gauge field A around a component knot /C/j, 
carrying a representation /2^, of a r-component link is denoted by [/^[/C/3] = 
P[exp^^ A] and ra^ is the U{1) charge carried by the component knot /C^. 
The expectation value of these Wilson loop operators are the link invariants: 

y^^(^)> \C](a X) - (W \a) - n'^B]['DA]e''W^n,,^,^„„^n.,n.)[C] 
V,ni),...i'^JW,A) - (M^(iJi,„o,...['CJ) J[VB][VA]e'S 

= yS"\i^]<S...nr[^] ■ (2-3) 
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Figure 1: Plat representation of non-torus knots upto 7-crossings 
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Figure 2: Plat representation of non-torus links upto 7-crossings 



We make a specific choice of the U(l) charges and the coupling ki so that the 
above invariant is a polynomial in two variables q = exp ( ^x^ ) ' '^ ~ (/^|131[n]: 

n^ = -^; h = k + N , (2.4) 



where Ip is the total number of boxes in the Young Tableau representation Rp. 
The U{1) link invariant for the link with this substitution gives 

(2.5) 
where p^ is the framing number of the component knot /C^ and //cq^ is the linking 
number between the component knots /C^ and /C^. In order to directly evaluate 
SU{N) link invariants, we need to use the following two ingredients: 

1. The relation between SU{N) Chern-Simons functional integral on the three- 
dimensional ball to the two-dimensional ^[/(A^)^ Wess-Zumino conformal 
field theory on the boundary of the three-ball[T]. 

2. Any knot or link can be drawn as a platting of braids[TC]. 

In Fig. [1] and Fig. [2] we have drawn some non-torus knots and non-torus links 
as a plat representation of braids. We have labelled them in the Thistlewaithe 
notation and written their braid words. We have indicated the orientation and 
labelled the representation Ri on the component knots in the link. Note that b^ 
{{bi }~^) in the braid word denotes right-handed crossing (left-handed crossing) 
between i-strand and i + 1-th strand which are anti-parallelly oriented. Similarly 
^j {{^j }~^) denotes right-handed crossing (left-handed crossing) between j and 
j + 1-th strand which are parallelly oriented. The plat representation of these non- 
torus knots and non-torus links except link 64 involves braids with four-strands. 
Hence we can view these knots and links except link 64 in S^ as gluing of three-balls 
with 4-punctured boundary as shown in Fig. [31 There are two three-balls Bi and B3 
with one S^ boundary. A three-ball denoted as B2 in Fig. [3]with two S^ boundaries 
with a braid B which can represent any of the braid words corresponding to the 
non-torus knots and links in Figs. [T]y2j The gluing of the three-balls are along 
the oppositely oriented S'^ boundaries. The functional integral over the ball B3 is 



s^ 



oppositely oriented S^ bouiidar 





Figure 3: Link in 5''^ viewed as gluing of three-balls with four-punctured 5"^ 
boundaries 



given by a state \xq ) where the superscript denotes the label of the S"^ boundary. 
The representation Ri indicate that the lines are going into the S'^ boundary of 
the three-ball and the conjugate representation denotes the lines going out of the 
S"^ boundary. The state corresponding to a functional integral on a three-ball with 
an oppositely oriented boundary is written in a dual space along with conjugating 
all the representations as illustrated for the ball Bi. The expectation value of the 
Wilson-loop operator gives the link invariant for a nontorus link L 



V, 



SUiN) 



Ri,R2 



[L] = (^(^)|S.W.(2)|xJ^)). 



(2.6) 



These invariants multiplied with the U{1) invariant (j2.5p are polynomials in two 
variables q = exp(27ri/(A; -|- N)) and A = q^ . In order to see the polynomial 
form, we write these states on a four-punctured boundary in a suitable basis of 
four-point conformal block of the SU{N)k Wess-Zumino conformal field theory. 
There are two different four-point conformal block bases as shown in Fig. U] where 
t G (-Ri (8) R2) n {R3 X i?4) and s £ {R2 (^ R3) D {Ri x R4). Using these bases, the 
states corresponding to three balls .61,-62 and B3 in Fig. [3l can be expanded as 
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Figure 4: four-point conformal block bases states 



(i>i"i 



y'dimgRidimqR2{MRi,Ri,R2,R2)^^^\ (2.7) 

B\MR2, R2, Ri,Ri)'-'^){MR2,R2, Ri,Ri)^^^\ 
B\MR2,R2,Ri,Ri)^^^){MR2,R2,Ri,RiY^^\ (2.8) 

y/dimqRidimgR2\MR2,R2,Ri,Ri)^'^^) (2.9) 

= 5^ efi'«2)v/di^|(^.(i?2,i?2,iii,i?i)^'^) , (2.10) 

s6-Ri®-R2 

where the subscript '0' in the basis state in eqns. (j2.7l I2.9p denotes the singlet 
state. The states are written such that the invariant of a simple circle (also called 
unknot) carrying representation R is normalised as dinigR, which is the quantum 
dimension of the representation R, defined as 



B„m2) 



I (2)\ 



diniqR 



n 

q:>0 



[a.{p + AR)] 



[a.p] 



(2.11) 



where A/j denotes the highest weight of the representation R, a's are the positive 
roots and p is equal to the sum of the fundamental weights of the Lie group SU{N). 
The square bracket refers to quantum number defined as 



n 



(2.12) 



The symbol e^ '^' = ±1 which we wih fix from equivalence of states in the next 
section. To operate the braid word B in eqn. (j2.8p . we need to find the eigenbasis 
of the braiding generators b^ 's. 

The conformal block \(j)t{Ri, R2, R3, Ra)) is suitable for the braiding operator 
b\ and 63 . Similarly braiding in the middle two strands involving the operator 
62 requires the conformal block 



h 






^{Ri,R2,R3,R4:)) 



,{Ri,R2,R3,R4)). That is, 

= Xi^\R2,R3)\MRl,R3,R2,R4)) 



Wl 



b'^'\MRi,R2,R3,R4)) = xr'{RuR2)\MR2,Ri,R3,RA)) 



t'\ 



bV\MRi,R2,R3,R4)) 



.(±)^ 



xi'^\R3,Ri)\MRi,R2,RA,R3)) , (2.13) 



where braiding eigenvalues A^ (i?i,i?2) in vertical framing are 

±1 



K {R1JR2) — e 



(±) 
t\Ri,R2 



'Rt 



(2.14) 



In this framing, framing number pp for the component knot is equal to writhe w of 
that component knot which is the difference between total number of left-handed 
crossings and total number of right-handed crossing. For example, torus knots 
4i, 52 in Fig. [1] have writhe w equal to and 5 respectively. The symbol e^.^ j^ is 
a sign which can be fixed by studying equivalence of states or equivalence of links 
which we shall elaborate for a class of representations in the next section and Cr 
denotes the quadratic casimir for the representation R given by 

P 1 

Cr = kr-— , KR = -[Nl + l + J](/2 - 2ik)] , (2.15) 

i 

where li is the number of boxes in the i-th row of the Young Tableau representation 
R and I is the total number of boxes. The two bases in Fig. |4] are related by a 
duality matrix a as follows: 



t{Rl,R2,R3iR4:)) —(Its 



i{Ri,R2,R3,Ri)) ■ 



(2.16) 



i?l R2 

R3 Ra 

From the definition of i,s, we can see that the duality matrix a obeys the following 
properties: 



ats 



'Ri R2 




'R3 R2 




xti Ri 




'R3 Ri 




'Rs Ri 


_ _ 


= ast 


_ 


= flsi 


_ 


= Of-g 




= ats 


_ _ 


Rs Ri 




R\ ri4 




R3 R2 




Ri R2 




Ri R2 



(2.17) 



If one of the representation is singlet (denoted by 0), we see that the matrix 
elements are 





'Ri 


0" 


s 


R3 


114 


ts 


'Ri 



R2 

R4 






"0 


R2 


Rz 


Ra 


'Ri 


R2 


R3 






^tR2^sRA , 



^tR-JsR^ ■ 



(2.18) 



From the procedure presented in this section, we can write the U{N) invariants of 
non-torus knots and links as a product of f7(l) invariant times SU{N) invariant 
(|2.6p . For example, non-torus knot 52 with framing p = 5, the invariant will be 



V, 



{UiN)} 



R 



[52 ;p] 



{-lfq'4 Y^ ef'^ ydm^ ef^'^ y^di^{Xi+\R,R)y 



i,t,s' 



ats 



R R 
R R 



(A; \R,R)y\ts' 



R R 
R R 



iXir\R,R)r^ 12.19) 



where I is the total number of boxes in the Young Tableau representing R and we 
have indicated the framing number of the knot. We could add additional framing 
pi by multiplying these invariants by a framing factor as follows: 



.{U{N)} 



V},^'''>^[K;{P + Pi)] 



pii' 



i(-) 



(_i)'pi<^w(A^-^(fl,fi))-p^y, 



P1T/{C/W} 



[K-M 



(2.20) 



So, to obtain 82 invariant with zero framing, we have to take pi = —5. Similarly 
the invariant for link 62 with linking number Ik = 3 with framing pi,P2 on the 
component knots will be 

2 3, , 

^(£!£)[62;r,P2] = ni(-l)'"^"'^"''^"'}^^^E^?"'''A/^^^ (2-21) 



s.t.s' 



Ri,R2 

to' 



y^di^{\i'^\Ri,R2)y^ats 



R2 Ri 

i?2 ^1 



iX\ \Ri,R2)r\ts 



Ri R2 
Ri R2 



{\^t\R,,R2)y 



where Ir^ is the total number of boxes in the Young diagram representation Ri 
placed on the component knots in link 62. However to see the polynomial form of 
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these link invariants, we have to determine the coefficients of the duahty matrices. 
Unhke the SU{2) duality matrices O [16], we do not have a closed form expression 
for SU(N) duality matrices. 

In the following section, we will use equivalence of states to obtain the sign 
()2.14| 12. 7p and also derive identities satisfied by the coefficients of the duality 
matrix. This enables the evaluation of duality matrix elements for some class of 
represent at ions . 

Once we have these coefficients, we could evaluate the framed link invariants 
and obtain the reformulated invariants |17j 



d,m=l {k(°'i) ,Rc,j} 



|C7(fc("j))| 






X 



XR, 



■aj 



(C(fc(°^))) </,S,...i?.J^;{^"}]('?''^') ' (2-22) 



where ^.{d) is the Moebius function defined as follows: if d has a prime decompo- 
sition ({pi}), d = \Xi=iPi'\ then ^{d) = if any of the rrii is greater than one. If 
all rrii = 1, then /i(d) = (—1)". The second sum in the above equation runs over 
all vectors k^°'^', with q = 1, . . . r and j = 1, . . .m, such that Yla=i 1^1 > for 
any j and over representations Raj- Further k^ is defined as follows: {k(i)di = h 
and has zero entries for the other components. Therefore, if A; = (fci, k2, ■ ■ .), then 

kd = {0,...,0,ki,0,...,0,k2,0,...), (2.23) 

where ki is in the d-the entry, k2 in the 2d-th entry, and so on. Here C{k) denotes 
the conjugacy class determined by the sequence (/ci, A;2, • • • ) (i.e there are ki 1- 
cycles, k2 2-cycles etc) in the permutation group Si {i = J2jJ^j)- ^^^ ^ Young 
Tabeleau representation R with i number of boxes, XB.iC{k)) gives the character 
of the conjugacy class C{k) in the representation R. The reformulated invariants 
for r-component links are expected to obey Ooguri-Vafa conjecture [7]: 

fiR.,R,,...R.){q, A) = {q'/' - q-'/'y-' ^ A^(«i,...R.),Q,.9^A« , (2.24) 

Q,s 
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where Nm^ji\Qg are integers. After determining the identities and some of 
the matrix elements of the duahty matrices in the following two sections, we will 
obtain the polynomial invariant for 52 knot and 62 link and verify eqn. (j2.24p in 
section 5. 



3 Duality Matrix identities 



We had elaborated in the previous section on writing states (|2.7|2.8|2.9|) cor- 
responding to Chern-Simons functional integral on three balls. We can deter- 
mine the following coefficients of the duality matrix by comparing eqn. (j2.16p and 
eans. (l2.7l2.9p : 

^ydi'mqS 



O-Os 



R\ R\ 
R2 R2 



<:(^l,«2). 



y^ di'mqRidimqR2 
This relation along with the property (j2.18p suggests that 



(3.1) 



ats 



Ri R2 
R3 Ra 



^Ri ^R2 ej?3 eiJ4 yj dimqS yj dimqt 



R\ R2 t 
R'S R4 s 



(3.2) 



where e/j. = ±1 = e^, and eo = 1- The term in parenthesis is similar to the SU{2) 
quantum Wigner 6j symbol but requires appropriate conjugation of representa- 
tions under interchange of columns in the following way: 



Ri R2 t 
ii3 R4 s 



t ix2 Rl 

s R4 R^ 



Rl t R2 
R2, s R4 



(3.3) 



Using ()2.18p and the relation to quantum Wigner symbol with the above properties, 
the SU{N) duality matrix can be called as SU(N) quantum Racah coefficients and 
hence we propose that the coefficients obey the following property: 



ats 



Rl R2 
R3 Ra 



y/diniqidimqi 



--(^Ri^Rsi^set) Oijiijg 



y^ dimqRidimqRs 
Using this property, we can relate the sign in eqn. (j3.ip as 



t R2 
s Ri 



(3.4) 



(3.5) 
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Starting from the state ;y(^)'(^) in eqn. (j2.8p and the duahty relation (j2.16|) . we 
observe that the Racah coefficients must obey the following identities: 



'Ri R2 
R3 Ra 


at's 


'Ri R2 
R3 Ra 


Rl R2 
R3 Ra 


ats' 


Rl R2 
R3 Ra 



/ ^ ats - - at's ^ i=. = ^tt' ■, 

s 

t 

3.1 Fixing signs of the braiding eigenvalues 



(3.6) 
(3.7) 





Figure 5: Unknot drawn in two equivalent ways 

From Fig. [5l we can write the invariant for the unknot in two equivalent ways 
giving the following constraint equation: 



^dimqsX^^\R,R) = A^ '{R,R)dimqR . 



(3.8) 



Taking e\ I ^ = 1, we can determine the signs e\ „ r, which satisfies the above 

equation. We can write a general form for the sign for a class of representations 

-* — f^ — >~ 
Rn = I I I I I I I , the irreducible representations pi G i?„ ® i?„, in SU{N)i. Wess- 

Zumino conformal field theory in the large k limit will be 



. n. 



. n. 



R„ 



Rn 



^£=0 





n 


- 


-i 




^ 2i^ 














MM 

















Pe 



The sign el .^ /j = (—1)'" • Similarly, for antiparallely oriented strands, the 
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irreducible representations in p^ E i?„ (X" Rn are 



. n. 



. n. 



I I I L I I I ^ — a?£=o ' ' ' ' J ' ' ' ' 

-Rn Rn Pi 

Here boxes with dot represents a column of length A^ — 1. We take the sign 
e- „ fs = (—1)^ which is +1 for the singlet £ = 0. We can generalise these results 
for tensor product of two different symmetric representations pi G Rn ® Rm and 

P^& Rn® Rm as 



/ I \ , , , ^ n-\-n 

e(+)(i?„„i?„) = (-l) — 



ei\Rn,Rm) 



■1) 



n — 771 
2 



(3.9) 



where we assume n>m and £ = {n — m)/2, (n — m)/2 + l, . . . (n + ?7i)/2. Similarly 
for antisymmetric representations Rn placed on antiparallely oriented strands, the 
irreducible representations pi G Rn (d Rn are 



Rn 



n ® Rn 



N 



n 



^e=o 



.(-) 



_ N -2e 



Pi 



For this case, the sign e. . - = (— 1) ■ If we replace A^ — n = n in the 

Pe;Rn,Rn 

above tensor product, we get irreducible representations p£ £ Rn Rn for par- 
allelly oriented strands carrying antisymmetric representation whose sign will be 
e. 5 5= (— l)^"" . The signs for antisymmetric representations can be similarly 

generalised for pn G i?„ ® Rm, and pi G Rn (8> Rm as 



.(+) 



t ; Rn 1 Rn 



(-1) 



n+m—£ . ,(~) 

pe',Rn,Rv 



(-1) 



n—ni—i 



(3.10) 



where n > mSzn + m < N and H. = 0, 1, ... m for parallel strands. Similarly for 
antiparallel strands with N — m > n, i = n — m,n — m + 1, . . .n. 

It is possible to fix the signs for the mixed representation but cannot be writ- 
ten in the most general form as done for the symmetric and the antisymmetric 
representations. Some of the mixed representation signs are given in the earlier 
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papers [HI [18]. For simplicity, we will confine to the symmetric or the antisymmet- 
ric representations placed on the component knots with the defined signs which 
will be useful for writing the Racah coefficients. In the following subsection, we 
will study equivalence of states which is needed to obtain the Racah coefficients. 

3.2 More identities of Racah coefficients from equiva- 
lence of states 

We can view the two three balls in Fig[6] as two equivalent states: The three-ball 

oppositely oriented S^ boundary 










B ^ibi-'Y'bi-^ • '' ' 




1 / 

1 1 
1 1 



1^^^^) 



S^(l).(2) 



Ix^^^) 



Figure 6: Two equivalent three-balls 



corresponding to the state |^o ) can be glued with a similar three-ball with oppo- 
sitely oriented S'^ boundary to give two unknots. So, this state can be represented 
as 



1^ 



(i)\ 



e{Ri,R2)y/dimgRidimgR2\4>o{R2RiRiR2)^^'^) (3.11) 



y^Qps 



i?2 R2 

R\ R\ 



{\^+\Ri,R2)r^ats 



R2 Ri 

i?2 ^1 



X\"\R2,Ri)\MR2RiRiR2)^'^) 



(3.12) 
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From eqns. (|3.11l3.12p and similar relations for braid word B 
can deduce the following identity 



t\bi-Y\ 



we 



y^Qpa 



-R2 R2 
R\ R\ 



R2 Ri 

i?2 Rl 



{Xi+HR,,R2)r'at 
--e{Ri,R2){x[~\R2,Ri)V^ato 



R2 Rl 
Rl R2 



(3.13) 



Using the data from SU(2) [TB], we can fix the signs e{Ri,R2) and the signs in 
the duality matrix for the class of symmetric or antisymmetric representations. 
Suppose we take symmetric representations for Ri, R2 then the sign e(i?„, Rm) = 
^_l-jmin{n,m) ^^^ ^^^ signs in the duality matrix is eR„ = (—1)'"/^. Similarly, for 
antisymmetric representations for Ri,R2, e{Rn-,Rm) = (— l)™-*"(2".2m) ^^^ ^^ _ 
(—1)". With this sign convention, the above identity enables fixing some of the 
coefficients of the duality matrix which we tabulate in the next section. 

The well-known braiding identity relates the two three-balls with two S'^ bound- 
aries as pictorially shown in Fig. [71 Operating these braiding operators on the two 





Figure 7: Braiding Identity 



S*^ boundary states, we can obtain the following identity for the duality matrix: 



s,t 

s,t.s't' 



'R2 


Rl 


R3 


R4 


'Ri 


R2 


Rs 


R4 



{X[ \Ri,R3)}-^ast 



{Xl \R2,R3)}-^a,^t 



'R2 


R3 


Rl 


Ra 


'Ri 


R3 


R2 


Ri 



X tts't' 



R3 Rl 

i?2 Ri 



X^i (i?i,i?2)ast' 



^3 R2 

R\ R4 



{X^f\R2,R3)}-' 
{xi7\Ri,R3)r' 

(3.14) 
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3.2.1 Six Punctured S"^ boundaries 

We have obtained these identities by studying equivalence of three-balls with four- 
punctured S"^ boundaries. We shall now look at a generalisation of Fig i6]for three- 
balls with six-punctured S^ boundaries as depicted in Fig. [8] where the braiding 
operator B = g, = {{b[^^r%'^){{bi^^r'b[-hbi;^}~%-^). 
The Chern-Sinions functional integral on these three-balls corresponds to a state 




l*> 




S = 56 



Figure 8: Six-punctured boundary 

in a space of six-point correlator conforinal blocks in SU{N)k Wess-Zumino con- 
formal field theory. They can be expanded in a convenient six point conformal 
block bases. Two such basis states are drawn in Fig l9j In terms of these six-point 



Ri R2 R3 R4. R5 Re 




si,s2,s-iiRi. R2, R3, Ri, R5. 




Pti.t2,t;j{Ri, R2, R3, Ri, R5, Re) 



Figure 9: Six point conformal block bases 
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conformal block bases, we can relate the state |^) and the state |.^) as follows: 

3 



1^) = e(i?i,/?2,i?3)nv/^^^V^I'^0A0(^l,^2,i?3,i?3,i^2,^l))=ei.«'^'^l0 
i=l 
3 

= e J] ^dim,i?i|0o,o,o(^i, ^1, ^2, i^2, R3, R3)) , (3.15) 



j=i 



where e(i?i, i?2i ^3) = ±1 = €{Ri, R2)e{Ri, R3)e{R2, R3) for symmetric and anti- 
symmetric representations. Applying the braiding operator B = g^ on the six-point 
conformal block in the above equation, we obtain the following relation: 



e(i?i,i?2,i?3)|'^oAo(^i,^2,i?3,ii3,ii2,i?i))= J^A(7)(iJi,i22){Ai|-)(i2i,iJ2)}-' 

xXl-\Ri,Rs){Xi+HRi,R3)}-^Xl-\R2,R3){XltHR2,R3)r^at,o 



xaogi 



- ^t2P2 



Ri Ri 

i?2 ^1 
Pi Ri 

R3 i^i 



O-tisi 



'•uim 



xat. 



Pi Ri 
R2 

^2 R3 

Ri R3 

Pi R3 

R3 V2 



PI 91 



Ot3P2 



-Rl i?2 

Ri h 
Pi R3 

R2 Vi 



O't'/Si 



'•Ul^i2 



Pi R2 

Ri 

^3 R2 

R3 Ri 



OO/ii 



^U2/-12 



R2 

R2 

h Ri 

R3 R3 

*3 R3 

i?2 ^1 



3P3 



'^pi,P3,iy2 



{Ri, R2, R3, R3, R2, Ri)) ■ 



We can simplify the RHS of the above expression using the property (j2.18p . 
Further, the summation over index (?i,/ii can be done using the identity p.lSp . 
The simplified equation suggests another identity for the Racah coefficients: 



^Oi, 



Ri R2 
R3 Ra 



±Cs 

esq 2 ais 



Ri R3 
R2 Ri 



(e* q) 9 2 J_|(ei?,g 2 



lati 



R2 Ri 
R3 Ra 



This is a generalisation of identity (13.13p . Using this identity, we can do the 
summation over index p2 and ^2 and further simplify the RHS of the expression 
(j3.16p . The close similarity of these SU{N) coefficients to the SU{2) Racah coeffi- 
cient identities suggests that all the identities of SU{2) quantum coefficients must 



(3.16) 



(3.17) 
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be generalisable to the SU{N) coefficients and hence we postulate the fohowing 
identity 



Z2 '^'•a'l 
h 



'n Rs 
Ra Rb 


driVz 


Rl R2 
h R5 


("hi. 


h R2 

i?3 Rii 


= 










(^rih 


'Ri h 
Ra R5 


ar,i. 


'Ri R2 

R3 r2 _ 



(3.18) 



where we have appropriately chosen conjugate representations which are consistent 
with the definition of the Racah matrix. Again, using the above identity with 
I3 = 0, we can do the the summation over vi index in the simplified RHS of 
eqn. ()3.16p . Finally, we see the eqn. (j3.16p reducing to 



^0,0,0 (-Rl ) -R2, -Rs) R?,-, R2, Rl)) — fflpio 



Rl R2 
R2 Rl 



^Pi,0,p 



^{Rl,R2,R3,R3,R2,Rl)) ■ 

(3.19) 

Using the properties of the duality matrix, RHS can be seen to be LHS. This 
elaborate exercise on the equivalence of two states corresponding to six-punctured 
boundary confirms that the correctness of the identity (j3.18p . Armed with these 
identities, we try to determine the Racah coefficients for some representations 
which we present in the next section. 



4 SU(N) quantum Racah coefficients 

We shall use the properties and identities derived in the previous sections to obtain 
the duality matrix coefficients which will be useful for computing the non-torus 
knot and non-torus links. 

For knots, all the strands carry same representation. So for obtaining non-torus 
knot invariants, we have to evaluate two types of Racah matrices-namely. , 



R R 
R R 



,0,1s 



R R 
R R 



(4.1) 



where first type can be shown to be a symmetric matrix from the properties of the 
Racah matrix. We could evaluate the symmetric first type Racah coefficients for 



'Ri Ri 




'Ri R2 




'Ri R2 




1 O-ls 




1 ^;f 




R2 R2 




R2 Ri 




Ri R2 



-R = n,nil ,n using eqns. (j3.6l3.7p [21 [3]. However, for the second type Racah matrix 
we could only evaluate the coefficients for the fundamental representation(i? = □)• 
Similarly for the two-component links, we can place two representations i?i, i?2 
on the component knots. In this case, we can have three types of Racah matrices 
as follows: 

(4.2) 

Now, we will present the Racah coefficients for some representations which will be 
useful to compute the non-torus knot and link polynomials in U{N) Chern-Simons 
theory. 

4.1 Coefficients when Ri is fundamental 

1. For the simplest fundamental representation R = n, the two types of Racah 
coefficient matrices are [21 [3]: 



ats 



R=n R=B 
R = a R = ni 



( 


s = 


En 


t = 


-1 




^[N^l][N+l] 


V m 


^[N~l][N + l] 


1 



ats 



R 
R 






R 
R 









[N][N-l\ 



[2] 



[iVpr+1] 
12J 



En 



[A^][A^+l] 
[2] 

12J 



where dimq{R = n) = [A^]. 

2. Next, we look at Racah coefficient matrices where Ri = D ^ i?2- This will 
be useful for the computation of two-component links. 



19 



ats 



Ri = n Ri=B 
i?2 = en -R2 = CD 



K 





s = 1 


l-l 1 1 




-vm 




t = 


/lN-l]lN]lN+2] 


l-l 1 


JiN-l][N]lN+2] 


VW] 



where K = y/dimqRidimqR2. Similarly, the second and third type Racah 
matrix coefficients for Ri = n , i?2 = CD are 



ats 



Ri 
Ri 






R2 
R2 



□3 



P 



nin 



P 



. [N-l] ^ 



m[N+2] 
miN+i] 



□in 



2 


Af+2 


3 


Af+1 



[^-1] , 
miN+1] I 



ats 



Ri=n R2=nD 
R2=nB Ri=ni 



K 





s = 


ED 




t= n 


JIN~1][N]IN+1] 


/[N]lN+l]N+2] 


V [2] [3 




II 1 1 


JlN]lN+l]N+2] 
V [2] [3 


nN-l][N]lN+l] 



3. Interestingly, we could find the coefficients for Ri = n,R2- 



< fi ^ 

using 



^□,^2 



the identities. The corresponding conjugate representations are Ri- 

^ 77 ». 

I. -I -I -I -I -I The three types of Racah coefficients for this class of representations 



are 



ats 



Ri R\ 
R2 R2 



K 







-< n + 1 — - 


t 


.s = pTi 1 1 1 1 '1 1 1 1 1 1 













l[N][N+l]...[N+n-2] 
V ["-11! 


l[N~l][N]...[N+n] 
V [N+n~l][n]\ 


m 


l[N-l][N]...[N+n] 
V [TV+n-lJH! 


l[N][N+l]...[N+n~2] 
V 1"-1J! 
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ats 



Rl i?2 
Rl i?2 









— n K 


-< n + 1 — ^ \ 




S = 




1 1 1 1 1 1 1 1 1 1 1 












-. — n — «- 
t= 1 1 1 1 


~V¥ 


[N^l] 


/ [n N+n] 


+l][N+n-l] 


V [n+1 N+n-1] 


-< — n + 1—^ 


J [n N+n] 


1 [N-l] 
V [4] [^+2] ) 


1 '1 1 1 1 1 1 




V [»i+l N+n-1] 



ats 



Rl R2 
R2 Rl 



K 



ff 



-n — - 



^ 



-71+ 1- 
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s = 



I [N-l][N]...[N+n-T] 
[n+l][n-l]! 

/ [iV][iV+l]...[iV + u] 
[n+1]! 



^ 



/ [iV][iV+l]...[iV+n] 
V [n + 1]! 

/ IN-1][N]... [N+n-1] 
V [n + l][n-l]! / 



where K = ^^ dimqRidimqR2. 

4. Similar exercise could be done for i?i = D , -R2 = P > and their conjugate 
representations are ^i=Q, -R2 = -7V-2- These representations give 



flis 



xli ill 
R2 R2 



ats 



Ri=n 

Ri=B 



I 



ats 



R\ R2 
R2 Rl 



^ dimqRi dimqR2 



t = 

/ 



P 



P 



\ 



W] 



l[N-2][N][N+l] 



/ [N-2][N][N+1] 
[2] 



R2 



R2 



B 



]!v 



P 



F a 



[3][JV-1] 



[2][JV-2] 



[2][JV-2] 
[3][7V-1] 

[N+1] 

mw-i] J 



yj diraqRx dimqK^. 



/ 






s = 


I'l 1 


i = 
\ 






- 


ID 


/[]V-l][iV][]V+l] 


/[iV_2[iV]]V-l] 
V 2] [3 


/[]V-2[iV]]V-l] 
V 2] [3 


/[iV-l][]V][iV+l] 
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5. These results can be generalised for -Ri = n and R2 
representations are -Ri= □ , R2= l7v-n. as follows: 



f 



n 



whose conjugate 



ats 



R\ R\ 
R2 R2 



X 

K 



f = 



un 



n — 1 



□ + 



I 



[N][N~l]...[N-n+2] 



[N+l][N]...[N-n] 
[N-n+l\[n\\ 



[N+l][N]...[N~n] 
[N-n+l\[n\\ 



lN][N-l]...[N~n+2] 



ats 



Ri R2 
Ri R2 



n 

□ + 



-n+ 1 



A-1 



\^ 



[N+l] 
lN+n\lN-n+l\ 



[n] [N-n] 
[n+l\[N-n+l\ 



[n][N~n] 
[n+l\[N-n+l\ 



[n][N~n] 
[n+l\[N-n+l\ J 



ats 



Ri R2 
R2 Ri 



izDl 

K 



B?_. 



-n + 1 



s = 



□H 



l \N+l]\N]...\N—n.+l] 
V [n + l][n-l]! 

_ l [N]\N-l]...\N-n] 
V W! 



l \N][N-l]...[N-n\ 
[n]! 



/ [iV+l][iV]...[iV-ra+i] 

[„+i][„_i]! y 



where i^ = y^dimqRidimqR2 ■ 

4.2 Coefficients for Ri symmetric or antisymmetric rep- 
resentations 

1. For R = \JJ, R = nB 



22 



ats 



R R 
R R 



K 



t = PO 
Pi 

h 



Po 

s = 



Pi 



P2 



^dimqpo 



— ^dimqpi 
^dimiiP'2 



— ^dimqpi 
dimqp2 _ 1 



y^dimqp2 

^y diruq pidiniq p2 



■^dirnqpidimqP2 dimqpi 



1 



where 
K = dimr,R = L. -, dinigpo = 1, dinigpi = [N + l\[N - I], 



dimqP2 



[2] 

[N-l][N]^[N + 3] 
W 



The second type Racah matrix coefficients are 



(4.3) 



ats 



R R 
R R 



K 



t 


s = 


Pl 

l-l 1 


h 
1 -1 -1 1 1 






{Pl) 




[jv] AT+i] n~ 

[2] V [3] 




iP2) 


^dimqpi 


m^lM±^m±M 


(P3) 


~y'dimqP2 


l[N]\N+2] 
^V [41121 


/[]V][iV+l][iV+2][iV+3] 

yy i4]i2] 


Mill 


y/diniqpi 


/[iV-l][iV][iV+2][JV+3] 
"V [4] [3] [2] 


l[N-l]\N] iV+l][iV+2] 
"V [4] [3] [2] 





where the quantum dimensions of the representations are 

[N-l][Nf[N + l] ^. [iV-l][iV][iV + l][iV + 2] 
diiTiqpi = T7^v2uy\ ' "■imgP2 = 



dirugps 



[2]2[3] 
[N][N + l][N + 2][N + 3] 



[4] [2] 



[4] [3] [2] 
The variables x, y, u, v are 

,,[^ + 31|iV| 

[A^ + 2] ^ ^' ^ 



(4.4) 



[iV] ^_ [2][JV + 1] ^_ [iV + l][2] ^ 



[N + 2] 



[N + 2] ' [N + 2] 
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2. For R 



B^ 



ats 



R 



-\ 



N -2 





R ' 


1 


{ 


' R 


t = Po 


R 


R 


- K 










Pi 



P2 



s = 



Pi 



N -2 



lb 



y'dimqpo 



^— ^ dim.„p2 



^ydirriqpi ^JdimqP2 

^y dirriq pidiniq p2 



1 



_ yj dimqp\dimqp2 dimqpi -, 

Vd-'^"^iP2 diniqR-l dimqR-1 ~ ^ 



where 
K = dim„R = -^K-, K dirugpo = 1, dinigpi = [iV + l][iV - 1], 



dimqP2 



[2] 

[N + l][N]^[N-3] 

W 



The second type Racah matrix coefficients are 



(4.5) 



ats 



R R 
R R 



K 



^ 




s = 




Pi 
l-l 1 


+ : 


f 


ipi) 

^(P2) 




-V 


[]v][iv-i] rr 

[2] V [3] 




y/dimqpi 


[iV] /[iV-3][iV-l] 
[2] V [3] 


~y'dimqP2 


/[iV] N-2] 


1 [N]\N -1][N -2]\N -S\ 


^ - 


-- iPs) 


y/dimqpz 


[iV+l][iV][iV-2][iV-3] 

[4] [3] [2] 


V [4] [3] [2] 



where 



dirugpi 
dimqP2 
dirugps 



[N - 1][N]'^[N + I] 

[N + 1][N][N - 1][N - 2] 

m ' 

[iV][Af- 1][N -2][N -S\ 

mm 
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and the variables are 

x = [N + l] 



u 



[N-S][N] 

[N-2] 

[2][N-l] 



[N] 



[A^ - 2] ' 

[iV-l][2] 
[N-2] 



1 . 



(4.6) 



[N-2] ' 

3. For i?i = nn 7^ R2= rm , which is wih be useful for the computation of 
links, the second type Racah coefficients are 



ats 



Ri R2 
Ri R-2 



( 



t 



Po 
Pi 

\ P2 



Po 



Pi 

□in 



(W-11[W1[W + 1][W + 21 
[4113112^ 

/ [W-1][W + 11[JV + 2][W + 31 

PIT3IT5] 



21 [3]^ 



[W + ll[JV + 2][W + 31[JV + 4] 
[5ll4][3][2] 



[2] / [iVl[iV + ll 



"WPT 



/ [W+ll[JV + 3] 
[3115^ 



P2 
I -I -I I I I 



/ [JV-11[W+11[JV + 31[W + 41 



[2] / (W + 21[W + 4] 

7qr2l\/ [4112^ 



/ [W1[W + 21[JV + 31[W + 41 
^3 1/ [2TT5^ 



/ [JV-l][W][W + 21[JV + 3] 
[5114112^ 



where po 
are 

z\ = 



===^, Pl= 

[2] 


[N + l][N + 2] 
[2] 



ff 



P2 



and the variables z.'s 



Z2 = zi 



Z4, 



[Ar + 3][Ar + 4]-IM|^ 



M + [Ar + 4] 



[2] 



[iV + 2][iV + 3]' ^^ [A^ + l][iV + 3] ' 

and gets more cumbersome for the third type Racah-matrix: 



ats 



Ri R2 
R2 Ri 



1 



diiiiq Ridimq R2 



/ 




s = 


Pi 


P2 


l-l-l 1 1 






t = Po 

Pi 

P2 








^dimgpo 


-^dimqpi 


"/""iiiir"'' 


,. / [«i 


\ 


^dimgP2 


^V [2l[3l[4l[5l 



The quantum dimensions of the representations in terms of the g-numbers 
are 



r- [iVl[Af + ll [N + 2] , [N -l][N]^\N + l]\N + 2] 

^dimqRidim^R2= ^ ^\^. \r J , dimgPo = ^ ^^ ^ ^ ^^ ^ 



[2] 



[3] 



[N - 1][N][N + 1][N + 2][N + 3] ^. 
dim^pi = [2][2,][b] ' '^^"^'^ 



[mm 

[N][N + l][N + 2][N + 'i][N + A] 
[2] [3] [4] [5] 
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and the variables are 

™ [iV-1] 



ai 



[2] [3] 
[N-l][N + 4] 



{y[N + 4]-[N + l][N + 2]) 



u = 
ci 

C2 



[2] [3] 
[N-l] 
[2] [3] 



+ 



[N -l][N + A] 



[2] [3] 
{y[N + A]-[N + l][N + 2]). 



y-- 
h 



bi + y^f^^o^ 



oi 



[2] [3] 



[N + l][N + 2][N + 4] 



l + Jl 



C2 
02' 



+ 



[N - l][N + 1][N + 2] 
[2] [3] 



[iV][2][3]([iV-l][iV + 4] + [2][3]) 
[iV-l][iV + l][iV + 2][iV + 3] 
[2] [3] 
[5][JV + 2] / [iV][JV + i] y 

[3][iv] V [2] y ' 

[Af][iV + l][Af + 2][N + 3][A^ + 4] + [N][N + l]2[iV + 2f 
[iV]2[iV + l]2 



[2] 



■[iV + 2][4][5] 



Using the identities, it should be possible to generalise these Racah matrices 



-"-_- 



for R2 = I I I I I I I , which are again 3x3 matrices. 

4. Equivalently, we could write the Racah matrix coefficients when Ri =n ^ 
i?2 where R2 is totally antisymmetric n-th rank tensor (represented by n- 
vertical box). For Ri = n and R2 =n, the second type Racah coefficient 
matrix is 



ats 



Ri R2 
Ri R2 



( t 


sJ^ 


f 


t 


P2 




Po 

Pi 

iv P2 








-i\/'"+^"a'ffl^]""-'' 




[2] /[«- 


2][N-4] 
4] [2] 


l«-2l V I 


_.,p,yi^^±llli^yi^^m^ 


-3V'"""'l'j,T5T^""-^' 


-i[3iV'"-^"r5rA'[.^i^f""-" 


-^V'^'^'TalKN""'^' ^ 



where 



Po 



^^1 
z?, 



Pi 



[2] 



P2 = - 



[Af-l][Af-2]- 

[2] 
[Af-2][Ar-3J' 



■22 



and the variables are 



,[Ar_3][Ar_4] + M[|±i 



za 



f + [iV-4] 

[2] 
[Af-lJ[Af-3] 
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Finally, with these data available, we can evaluate the polynomial form for the 
non-torus knots and links in Figs. [1^421 

5 Computation of non-torus link invariants 

Now with the Racah coefficients for some representations determined in the pre- 
vious section, we will now explicitly work out the polynomial invariant for a non- 
torus framed knot and a framed two component link. From these invariants, the 
reformulated invariants JrIK], /rj^^r^IL] (j2.22p are obtained and shown to obey 
Ooguri-Vafa conjecture (j2.24p . 

5.1 Non-torus knot 52 

Using eqn. (|2.19p . the U{N) invariants for the zero-framed knot 52 {{p + Pi) = 0) 
carrying representation n , nn and n (j2.20p are 

y^^^(^»[52; 0] ^ Wa (q, A) = -^^[q-'X-^^q -X + X'-q'X- qX' + q'x')] 

q2 — q 2 

(5.1) 



y^^(^»[52;0] ^ W^{q,X) 



^ ' "^A-^(g - A + 2A2 - A^ + [qXf + 2{qXf 



{q-lY{q+iy 

_g8^4 _ 2^^ _ q^x + qX^ + q'X^ + q^X^ - q'X^ - q^X' + q^X' 

+q'X' + q'X' + q'X^ - q'X^ - q^X'' - q'X" - q'X' - q'^X' 

+q^X^ - q^X^ - q'^X^ + q^X^ - q^X^ + q^X^)] , (5.2) 



lg^(^»[52;0] = W^iq,X) 



-[q~^X-'^{q^ - A^ + A^ + (qXf - q^ X^ + q'^X^ 



(g-l)2(g+l)' 

-q'X^ + (?8a2 - ^5^ - 2q'X - q'X - q^X^ + g^A^ + 2q'X^ 

qX^ + q^X^ + q^X^ + q^X^ - qX'^ - g^A^ - g^A^ + qX^ - q^X^ 

Q^A^ - q^X^ - qX^ - q^X^ + 2q^X'^ - q^X^)] . (5.3) 
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Using the relation between the reformulated invariants in terms of the Chern- 
Simons invariants ()2.22p . /nn and /p will be 

f^{qA) = WU<l,^)-\{Wu{qA? + Wu{q\\^)) , (5.4) 

/g (q, A) = Wq (q, A) - ^ {Wn {q, A)^ - Wn {q\ A^)) . (5.5) 

Substituting the U{N) invariants for 52 knot, we find 

/m('?,A) = , ^ _, [g-^A-^(l-g + g^)(-l + A)^(g + g^ + g^-A 
q2 — q 2 

-qX - q^X - q^X + q^ X^ - q^X^ + g^A^ - q^X^ + g^A^)] , (5.6) 



fn{q,X) = ^-^^[q-^X-'{l-q + q^){-l + Xf{q + q^ + q'-X 
'-' q2 - q 2 

-X^ -X^ - q^X - q^X - q^X + qX^ + qX^ + qX^)] , (5.7) 

obeying the Ooguri-Vafa coniecture ()2.24p . Conversely, this confirms the correct- 
ness of the second type Racah coefficients tabulated in the previous section. 



5.2 Non-torus 62 link 

We can again compute the invariant for the link 62 ()2.2ip carrying same or different 
representations and framing pi = p2 = on the component knots: 



.{UiN)}, 



q- 

+qX + q-'X^ + 2qX^-2q^X^ + q'X^), (5 



—^((7 - q-^ -2q + q^-q^- qX-^ + g^A"! + A'^ - 2q^ 



^(S!d)^[62;0] = W-(m,D)('?,A) 



-*- r _ 1 , _3 , q A , ,0 ^g^4 5^ 



— [q-2\-2 (-q + q-i-q^ + X-X^ + g«A^ 



(9-1)3(9 + 1)' 
^A + gA-g2 

8A3 + 92 a4 _ ^3^4 _ ^4^4 ^ 2g5^4 _ ^6^4 _ ^7^4)] ^ (59) 



+g^A + gA - g^A + q^X + /A - g^A^ - 95a2 + ^4^3 ^ ^7^3 
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y/g^(,7[62;o] = w^(B,D)(^,A) 



^ [g-i A-i (-g^ + ^s _ ^7 _ ^3 ^ ^4 _ ^8^2 



{q-iriq + l) 

q^X - g^A + q'^X + q^X + q'^X - q^X + q^X - q^X^ - q^X^ 

+ qX^ + ^4^3 _ ^^4 _ ^2;^4 ^ 2g3A4 _ ^4;^4 _ ^5^4 

+q''X^)] . (5.10) 

Following eqn. (j2.22p . the reformulated invariant for two-component link simplifies 
as 

/(^,n)(^) = W^(^,n)(^) - ^(.,o)(^)W;(/Cl) - W^ilCl)W^{IC2) + t^.(/Cl)2W;(/C2) 

/(g,,)(£) = t^(g„)(£)-TV(,„)(/:)W;(/Ci)-tyg(/Ci)W;(/C2) + W;(/Ci)2w;(/C2). 

Again, we get the expected Ooguri-Vafa conjectured form[7] for 62 link (|2.24p : 

/(m,D)(9,A) = {qX)-kq''-X^ + X^-2q^X^-q^-q''X^ + qX^X'' 

+q^X^ + q^X^ + q^X^) , (5.11) 

/(g,D)(g,A) = -(g-iA-^)(g2_^2^^3_^^2_2^2^2_^3^2 

-g^A^ + qX^ + g^A^ + gSA^ + g^A^) . (5.12) 



6 Discussion and Conclusion 

In this paper, we have attempted a challenging problem of obtaining matrix el- 
ements of the duality matrix which has properties and identities similar to the 
quantum Racah coefficients. Particularly, we derived these identities and prop- 
erties by studying the equivalence of states in the space of correlator conformal 
blocks in the SU{N)i: Wess-Zumino conformal field theory. 

We have tabulated the Racah coefficients for some class of representations 
which will be useful to compute non-torus knots and non-torus two component 
links. We verified the polynomial form of the 52 knot and 62 link and obtained their 
reformulated invariants. These invariants obey the form conjectured by Ooguri- 
VafaO \7\ confirming the correctness of our Racah coefficients in section 4. 

We believe that there must be a systematic way of writing a closed form ex- 
pression similar to the expression obtained for SU{2) quantum Racah coefficients 
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[5l [16] . There are papers in the Uterature addressing classical Racah and quantum 
Racah coefficients. Unfortunately, we do not see such explicit coefficients in sec- 
tion 4 to compare. We hope to study those papers which may help us to obtain a 
closed form expression for SU{N) quantum Racah coefficients. 

There are interesting recent developments relating torus knots to spectral curve 
in the i?-model topological strings [10], Poincare polynomial computation from re- 
fined Chern-Simons theory, Khovanov homology, fivebranes[9l 111), and the poly- 
nomial invariants from counting of solutions in four-dimensional theories [T^]. We 
hope to extend these recent works to non-torus links and report in future. 
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